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T#U&V	WYX�Z�[Y\^]�\_V�`ba�X�c�]	d^\_X�]feg\^Z�d^`0h�c6V	\_`�Ujik`gegX�d^Z:egX,]	\^lbX�ema3`�]fX�ngX�ik[od_X�p�qjrsWY`�UY\_X�iut,vfw6x_y{z�|�}b}�~���a3`b]kh�]	X,X�[S��`�]�p0q
�&c�d^�b]$c�X,a�c�Uoe���\_aKc�U�V�\)Z&z�|�}����Y��|�}b���Y��|�}b}��b����p0q��gh$WY\^d^d_X�]�cbUoe��&c�d^�b]$c�X,a�z�|�}��b�����=c�U�e�p0q��]	c�V�`gh$W0l�\^d�z�|�}���}�����a3`b]
eY\^Z�d_`gh�c6V�\^`bU&i5\)h�]	`�Z�V�]	�oh�V	�Y]�Xka3`�]�i�c6V	\_`�U�\^UmaKc6V	\_���YXb��V�WYX�eY\^Z�d_`gh�c6V�\^`bU&[G`b[Y�od^c�V�\^`bU&\^Z�eg\_l0\)egX�em\^U�V�`NZ�V	c6V	\^h�eY\^Z�d_`gh�c6V�\^`bU�Z,�
� Wo\^h$Wfi�c�q�]�X�Z��Yd_VSa3]	`bi � `b]	��Woc�]$egX�UY\_Uo�=c�Uoe�h,`bUoZ�\)Z�V�\^U�V	WYX7UYX�c�]	d_qs\_i5i5`bpo\_d^X-eg\)Z�d^`gh,c�V�\^`bUoZ�`�a0V�WYX��#a3`�]�X�Z�V��$��`�aoZ��YpY��]	cb\_UoZ
� c�d^d)Z�`�]�pG`b�YUoeoc�]	\_X�Z,��X�V$h��^��c�Uoe�V�WYX�i5`bpY\^d_X�eg\)Z�d^`gh,c6V	\_`�UoZ � Wo\^h$Wf��d_\)egX�p�X,V � X�X,UfV	WYX�Z�X-`�poZ�V	cbh,d_X�Z,����UYX-Woc�ZSV	W0�oZSV	`�egX�]�\^lbX
h,`b�Y[od_X�e�]$c6V�XsX����oc�V�\^`bUoZ-a3`b]�V	WYXsZ�V	c�V�\)h�cbUoe�i5`�pY\_d^Xeg\^Z�d^`0h�c6V	\_`�U�egX�UoZ�\_V�\^X�Z��

ρs
c�Uoe

ρm
�/�Y`�]�V	WYXZ�cb�bX=`ba�Z�\_i5[Yd^\^h,\ V�q�� � X

Z�Wocbd_dGh�`bU�Z�\)egX,]�Z�\^UY��d_X�h,]�qgZ�V	c�d)Z��b`b]	\^X,U�V�X�eka3`b]-Z�\_Uo�bd^X=Z�d^\^[S�/ �WYX�Z�X=eg\)Z�d^`gh,c�V�\^`bUoZ7cb]�X=]�X�d^c�V�X�e:V	`fV�WoX�[Yd)cbZ�V�\)h=Z�V�]$c�\^Uk]$c6V	X�l0\^c
V	WYX:��]	` � cbU+]	X,d)c6V�\^`bU�¡

ε̇p = bρmvg
z�|��

� WoX,]	X
b

\)Z/V	WYX�d^X,UY�bV�W�`�aGV�WoX=¢��Y]���X,]$Z9lbX�h�V�`�]��
ρm

\)Z�V	WYX�V�`bV	cbdYi5`bpY\^d_X�eY\^Z�d_`gh�c6V�\^`bU�egX�UoZ�\ V�qkc�Uoe
vg

\)Z�V	WYX��bd^\)egX�lbX�d_`gh�\_V�q
\^UNV	WYX5[Y]	\_i�c�]	q;Z�d^\_[�poc�U�e£�� �\_i5Xk\^Zsi5X�c�Z��Y]	X�eN\_Umh�qgh�d^X�Z�`�a7d^`�c�eg\_Uo�o����d_V�WY`��Y�bWNV�WY\)Z]�X�d^c�V�\^`bU¤\)Z,�£\^U¥[o]�\^Uoh�\^[Yd^Xb�¦l6c�d^\^e
a3`�]�i5X�c�U;l6c�d^�YX�Z � X � \^d_d�h,`bUoZ�\)egX,]�V�W�c6V�\_V�\^Z�cbd^Z�`kl�cbd_\)e�d_`gh�c�d^d_q��

 �WoX�\_U�V�X�]�U�c�d£Z�V	]�X�Z�Z�\)Z�egX,§oUYX�e�p0q�V	WYX�]	X,d)c6V�\^`bU�¡

σi =
µb

2πλ
+ ξµb

√
ρs

z4¨b�

� WoX,]	X¤V�WYXN§o]	Z�V+h�`�U�V�]	\_pY�YV�\^`bU�h�`�ikX�Z5a3]	i©`bp�Z�V$cbh�d^X�Z+Z��oh$W�c�Z�[Y]	X�h�\^[Y\_V	c�V�X�Z�`b]�[Y]	X�ª«X�ng\)Z�V	\_Uo� � c�d^d)Z�Z�X�[oc�]$c6V	X�e{p0q¬cbU
X,GX�h�V	\_l�X�Z�[oc�h�\^UY�

λ
z
µ

\)ZV�WYX�Z�WYX�c�]i5`0eY�Yd_��Z	���+ �WYX�Z�X�h�`�Uoe¥[�c�]�Vf\^ZsV	WYX�h�`�U�V	]�\^pY�gV	\_`�U¥a3]	`bi®V�WYX�Z�V	c�V�\)h5eg\^Z�d^`0h�c6V	\_`�U
[G`b[o�Yd^c�V�\^`bU � WY\^h$W�c�d)Z�`k`b[o[�`�Z�X�Z�eg\)Z�d_`gh,c�V�\^`bU�i5`bV�\^`bUS�/ �WYXs\_U�V	X,]	Uoc�d£Z�V�]	X,X�Z�]	X�eg�oh,X�Z�V�WoX�X,GX�h�V�\^lbXZ�V�]	X�Z	Z�c�h�V�\^UY�k`bU+V�WYX
eY\^Z�d_`gh�c6V�\^`bU�Z�c�Uoe�\^Z=egX�§oUoX�e;cbZ�¡

σe = σa − σi
z!¯��

|



�/�����+�	��
���%������������\.432"65'87:9;9;<,�£( � "����^"£�%�������3�	�[0ë����� � ���������)0ë�^���X���("65'$9;<�'i9�����<

� WoX,]	X
σa

\)Z�V	WYX�cb[Y[Yd^\_X�e�Z�V	]�X�Z�Z�� �9\_Uocbd_d^qb��V�WYX��bd^\^egX¥lbX,d^`gh�\_V�q \)Z+]	X,d)c6V	X�e{V�` V�WYX¥X�¦X�h�V	\_l�X�Z�V�]	X�Z	Z�l0\^c c�[Y[Y]	`b[o]�\)c6V	X
[oWYX,UY`�i5X,UY`�d_`��b\)h,c�d�]�X�d^c�V�\^`bUoZ7X�ng[Y]	X�Z	Z�\^UY��V	WYX�aKc�h�V-V	Woc6V�\_U�eg\_l0\)eg�ocbd¦eY\^Z�d_`gh�c6V�\^`bU�i5`bV�\^`bU�\)Z-\^UY\_V�\)c6V�X�e � WYX�U�V�WoX=X�¦X�h�V�\^lbX
Z�V�]	X�Z	Z�cbh�V�\^UY�5`bU;c5eg\^Z�d^`0h�c6V	\_`�U�X,ngh,X,X�eYZ�V�WYX�q�X,d)e�Z�V�]	X�Z	Z��7��UoXsi�c�q+h,`bUoZ�\)egX,]��0a3`b]�X,n0X�i5[Yd_X�¡

vg ∝ σe − σ0 (σe > σ0)
z	���

vg = 0 (σe < σ0)
z4�b�

� WoX,]	X
σ0

\)Z�V�WYX�q�X,d)e�Z�V�]	X,UY�bV�WS�
 �WoX�X�Z	Z�X�U�V	\^cbd¦a3X�c�V��Y]	X�Z�`ba�V	WYXfeg\)Z�d^`gh,c�V�\^`bU¤egq0Uoc�i5\)h,Z�\^U�V�WYXf[od^c�Z�V	\^h]	X,��\_i5X�c�]	Xb�g`�U�V	WYX�`bUoXfZ�\)egXb�YV�WYX�\_]�i5`�pY\_d^\_V�qb�

eY`bi5\_U�c6V�X�e¤p0q;[Yd^c�Z�V	\^h�
o` � �¦pY�gV � WY\^h$W�c�d)Z�`�\^Uoh,d_�oeYX�Z�V�WYX�]�X�i�c�d�eY\ ¦�oZ�\_`�U�c�U�eNh�d^\_i:pS�£c�UoeS�G`�U;V�WYXk`�V	WYX,]Z�\^egX��oV	WYX,\^]
i:�gV���c�dS\^U�V�X,]$cbh�V�\^`bU�[Y]	`0h,X�Z	Z,��V	WYX�i5`b]	Xs\^i5[�`�]�V$c�U�V�p�X�\_Uo�o¡

• � �Yd_V�\^[Yd^\^h�c6V	\_`�U�`ba9Z�V	c�V�\)h�eg\^Z�d^`0h�c6V	\_`�UoZ � \ V	WY\_U�V	WYXa3`b]	X�Z�V�

• ��V$c6V�\)h]	X�h�`6l�X,]	q5\_U�V�WYXa3`�]�X�Z�V�l0\)ckZ�V	c�V�\)h�ª#Z�V$c6V	\^hc�Uo\_WY\^d)c6V�\^`bU�[Y]	`gh�X�Z	Z�X�Z�

• �Y]	X,X�\_Uo��`�a7Z�V	c6V	\^h�eg\^Z�d^`0h�c6V	\_`�UoZ,¡ � WYX�U;V�WYX:X�¦X�h�V	\_l�X�Z�V�]	X�Z	Z�\^Uoh�]	X�c�Z�X�Z�c�Uoe;X,nYh�X,X�eYZ=Z�`bi5XV	WY]�X�Z�Wo`bd)e£��\_Vseg\)Z�V��Y]	poZ
V�WoX:d^`gh,c�d9Z�V	]���h�V��o]�X:`�a/V�WoX�a3`�]�X�Z�V�cbUoe£�¦\^U¥[ocb]�V	\^h,�Yd^cb]��GegX�Z�V	cbpY\^d_\��,Xkeg\^Z�d^`0h�c6V	\_`�UNh�d^�oZ�V	X,]$Z � Wo\^h$W¥eYX�h�`�i5[�`�Z�X:\_U�V�`
i5`bpY\^d^XeoZ�\^d_`gh�c6V�\^`bU�Z,�/ �WYXa3]	X,X�\_UY�5`ba�a3`b]	X�Z�V�eg\)Z�d^`gh,c6V	\_`�UoZ�`gh,h��o]	Z � \_V�W¤ck]	c�V�X

β
� � Wo\^h$W;egX,[GX,U�eYZ�`bU�V	WYX�c�[Yd^d_\^X�e

Z�V�]	X�Z	Z�X�Z�cbUoe�i�c6V�X�]�\)c�d¦[ocb]	cbi5X�V�X�]	Z�

• � \^UYUY\^UY�;`�a�ik`�pY\^d_X�eg\)Z�d^`gh,c�V�\^`bU¥p0q;V	WYXka3`b]	X�Z�V����7GX�h�V�\^lbX�d_q���i5`bpo\_d^XkeY\^Z�d_`gh�c6V�\^`bU�Z�i�c�q¤pGX5\_i5i5`bpY\^d^\���X�e�p�qNV�WYX
l6c�]	\_`��oZ�eY\^Z�d_`gh�c6V�\^`bU h,d_��Z�V	X,]$Z�a3`b]	i5\_Uo�¤V�WYX�a3`b]	X�Z�V��� �WYX�egq0Uocbi5\^h�c�d�h,`bU�V�]	\^pY�gV�\^`bUj`ba=Z���h$W [Y]	`0h,X�Z	Z�X�Z�\)Z�`ba�V�WYX
a3`b]	i

G(ρs)ρm
� � WYX,]	X

G(ρs) = gnρn
s

\^Z�V�WYX�[o\_UYUo\_UY�¥]	c�V�X5`�a�c;i5`bpY\^d_X�eg\^Z�d^`0h�c6V	\_`�U�p0q�c¤h,d_��Z�V	X,]f`ba
n

Z�V$c6V	\^h
`bUoX�Z��� �WoX��mcbd_��]	cbX�a�ª#��\_aKc�U�V�\)Zz3�¥�s��ik`gegX�d�h�`�UoZ�\^egX�]	Z

n = 2
�

 �WoX�]�X�Z��Yd_V�\^UY��egq0Uocbik\)h,cbdSZ�qgZ�V�X�i i�c�q�V�WYX�U;p�X � ]	\ V�V�X�U;c�Z,¡

∂ρs

∂t
= Ds∇2ρs + σ − vsdcρ

2
s − βρs + γρ2

sρm
z!���

∂ρm

∂t
= Dm∇2

xρm + βρs − γρ2
sρm

z«���

� WoX,]	X
Ds

]�X�[Y]	X�Z�X,U�V	Z:V�WoX¤X�¦X�h�V	\_l�XNeg\_G�oZ�\^`bU � \ V	WY\_U V	WYX�a3`b]	X�Z�V�]�X�Z��Yd_V�\^UY�ma3]	`bi V	WYX;V�WYX�]�i�cbd�ik`�pY\^d_\_V�q{cbUoe{h,d_\^i�p
cbUoe

Dm
]�X�[Y]�X�Z�X�U�V	Z5V	WYX¥X,GX�h�V�\^lbX�eg\ ¦�oZ�\_`�U�]	X�Z��Yd V	\_Uo�ja3]�`�i V�WYX��bd^\^egX¥`�afi5`bpY\^d^X¥eg\)Z�d^`gh,c6V	\_`�UoZ�pGX�V � X,X�U�`bpoZ�V	c�h�d^X�Z

(Dm � Ds)
�5 �WoX�eg\ ¦�oZ�\_`�Umh,`0X���h�\^X,U�V

Dm
\^Z[G`�Z�\_V�\^lbX5\_U�V�WoX�[Y]�X�Z�X�U�V�h�cbZ�Xb�£pY�YVf\ Vfi�c�qNpGX�h,`bi5X5UYX,��c6V�\^lbX�� � WYX,U

Z � X,X,[o\_UY�¥`b]:h,`b]	]�X�d^c�V�\^`bUmX�¦X�h�V	Zkc�]	X�V	cb�bX,Uj\^U�V�`¥c�h,h,`b�YU�V�z!�]	c�V�`gh$W0l�\^d-cbUoe �gc6ngd^`6l6c����9d^X�cbeY\_UY�NV�`NV	WYX+\^UoZ�V	cbpY\_d^\_V�q�`ba
�oUY\ a3`�]�i a3`�]�X�Z�V�eg\)Z�d^`gh,c6V	\_`�UoZ£a3]	`biOV	WYX�l�X,]	qp�X��b\^UYUY\^UY�o�9 �WYX�h,`0X���h�\^X,U�V

dc
\)ZSV	WYX�h$W�c�]$cbh�V	X,]	\^Z�V�\)h�d^X,UY�bV�W�`ba�Z�[�`�U�V$c�UYX�`b�oZ
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(

E − ∆t Λn+1/2
x

)

ρ̃s =
(

E + ∆t Λn+1/2
y

)

ρn
s + ∆t f

n+1/2

1 +
(

∆t Λn+1/2
x + ∆t Λn+1/2

y

)

ρn
s

z!¯ ���
(

E − ∆t Λn+1/2
y

)

ρn,k+1
s = ρ̃s − ∆t Λn+1/2

y ρn
s

z!¯��b�

� WoX,]	X
E

\^Z¦V	WYX7�YUo\ V�q�`b[GX,]$c6V�`�]��S �WoX7\_U�V	X,]	ikX�eg\)c6V�X�l6c�]	\)c�pYd^X
ρ̃s

\)Z£X,d^\^ik\^Uoc�V�X�esp0q�cb[Y[Yd^q0\_UY��V	WYX7`�[�X�]	c�V�`b] (
E − ∆t Λ

n+1/2
x

)

V	`5V�WYXfZ�X�h,`bUoe�X����oc�V�\^`bU;c�Uoe�p0q+Z��Yi5ik\^UY�5V	WYX�]�X�Z��od V�V�`5V	WYXs§o]$Z�V�`�UYXb¡
(

E − ∆t Λn+1/2
x

)(

E − ∆t Λn+1/2
y

)

ρn,k+1
s =

(

E + ∆t Λn+1/2
y

)

ρn
s − z!¯b���

(

E − ∆t Λn+1/2
x

)

∆t Λn+1/2
y ρn

s + ∆t f
n+1/2

1 +
(

∆t Λn+1/2
x + ∆t Λn+1/2

y

)

ρn
s

z!¯����

V	WY\)Z�]�X�Z��od V�i�c�q�pGX�]�X � ]�\_V�V	X,U;cbZ�¡
(

E + ∆t2 Λn+1/2
x Λn+1/2

y

)

= ∆t
(

Λn+1/2
x + Λn+1/2

y

)

(

ρn,k+1
s + ρn

s

)

+ ∆t f
n+1/2

1

`�]�X,\_V�WYX�]�¡
(

E + ∆t2 Λn+1/2
x Λn+1/2

y

) ρn,k+1
s − ρn

s

∆t
=
(

Λn+1/2
x + Λn+1/2

y

) ρn,k+1
s − ρn

s

2
+ f

n+1/2

1

z!¯b���

�
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� h,`bi5[ocb]�\)Z�`�U � \_V�W �-�G�-z!¨��b�sZ�WY` � Z�V�Woc�V ������zK¯b����\^Z�c�h�V���c�d^d_qNX����Y\_l6cbd_X�U�VV	`�V	WYXk§o]$Z�V�`bUoXkX,nYh�X,[YVp0q¤V	WYX�egX,§oUYX�e
[G`�Z�\_V�\^lbX�`b[GX,]$c6V	`b]�Woc�l0\_Uo�5ckUY`�]�i �b]	X�c6V	X,]�V�W�c�U�`bUYX��

B ≡ E + ∆t2 Λn+1/2
x Λn+1/2

y = E + O
(

∆t2
)

� Wo\^h$W c�h�V$Z�`�U&V�WYX�V�X�]�i (

ρn,k+1
s − ρn

s

)

/∆t
�� �WY\)Zfi5X�cbUoZ�V�Woc�V�V�Wo\^Z:`b[GX,]$c6V	`b]:eY`�X�ZfUY`bVkh$WocbUY�bX�V�WYX�Z�V	X�cbeYq&Z�V	c�V�X

Z�`bd^�gV	\_`�US�7�Y�Y]�V�WoX,]	ik`�]�X��gZ�\^Uoh�X ||B|| > 1
V�WoXfZ�[Yd^\_V�\^UY��Z�h$WYX�i5Xs\)Z�i5`b]	X�Z�V$c�pYd^XsV�WocbU�V�WYX`b]	\^�b\^Uoc�d£Z	h$WYX,i5Xb�

��F���F�� ��µ-é·½µpº�R/·¹æ #%¾�¸�é·��:µ-éB·¹ä6¶

 �WoX+�b]	\)ej\^Z��Z�V$c��b��X,]	X�e���c�U�e&V�WYX;eg\)Z�h,]�X,V�\���c�V�\^`bUj`�a�V	WYX;eg\ ¦�oZ�\_l�X�V	X,]	i `�a��-�G��z�|��b��\)Z:i5c�egX�c�h,h,`b]$eg\_Uo�¤V�`¥V�WYX
a3`�d_d^` � \^UY�ka3`b]	i��Yd)cY� � WY\)h$W�[Y]�X�Z�X�]�l�X�Z-V�WYXfh,`bUoZ�X,]	l6c6V	\_`�U+d)c � \^ik[od_\)h�\_V=\^U+V	WYXfeg\^lbX,]	�bX�Uoh�X�¡

∆t
∂

∂x

[

vg

γρ2
s

∂

∂x
vgρm

]

≈ ∆t
∂

∂x

[

vg

γ(Sn+1/2)2
∂

∂x
vg

ρn,k+1
m + ρn

m

2

]

�=[�`�U � ]�\_V�V	\_UY��¡

Qi,j =
∆t vg

4γ(S
n+1/2

i,j )2

� X�]	X,[Yd)cbh,X=V	WYXfeg\_G�oZ�\^lbXV�X�]�i `�a
ρm

p0q¦¡

∆t

2

∂

∂x

[

vg

γρ2
s

∂

∂x
vgρm

]

≈ z!¯b}��

(Qi,j + Qi,j+1)
vg

∆x
((ρm)i,j+1 − (ρm)i,j) − (Qi,j−1 + Qi,j)

vg

∆x
((ρm)i,j − (ρm)i,j−1) =

z ��~��

(Qi,j−1 + Qi,j)
vg

∆x
(ρm)i,j−1 − (Qi,j−1 − 2Qi,j + Qi,j+1) (ρm)i,j + (Qi,j + Qi,j+1) (ρm)i,j+1

z	�o|��

 �WoXfeg\ ¦�oZ�\_l�XsV�X,]	i�Z�`�a �-�G��z�|�����c�]	X � ]�\_V�V	X,U�\_U¤eg\)Z	h�]	X�V�Xsa3`�]�i p0q���Z�\^UY�kV�WYX���Z��ocbd¦V�WY]	X,X[G`b\^U�V	Z�h,X,U�V�]	X�e+a3`b]	i��Yd)cY�0`ba
Z�X�h,`bUoe�`�]	egX�]�� ��X��Yi�c�UYU;pG`b�YUoeoc�]	q�h�`�Uoeg\_V�\^`bUoZ=c�]	Xs��Z�X�e;\_U;V	WYX�\_U�V	X,�b]$c6V	\_`�U;`�a9V�WYXf��� i5`0eYX,d4� � \_V�WNegX�]�\^l6c6V�\^lbX�Z�\_U
V	WYX�eg\^]�X�h�V�\^`bU�[�X�]�[GX,U�eg\^h,�Yd)c�]�V�`:V�WYX � c�d^d^Z�X����ocbd�V	` ��X,]	`o�� �WYXc�d^�bX,po]	cb\^h�d^\^UYX�cb]�Z�qgZ�V	X,i�Z � X�]�XsZ�`�d_l�X�e��oZ�\^UY�kc:]	`b�gV	\_UYX
� \_V�W���c��oZ	Z�\^cbU�X,d^\^ik\^Uoc�V�\^`bU5c�Uoek[Y\^lb`bV�\^UY�o� � ]	\_V�V�X�U5p�q ����T��$��WY]	\^Z�V�`6l¦�6a3]	`bi V�WYX �=UY\_l�X,]$Z�\_V�qf`ba��S`��Y\)Z�\)c�Uocc�V���c6aKc�q�X�V�V	Xb�

��F
	 ¸Læ �/º éBæ

�mXs[Y]�X�Z�X�U�V-V�WoX�]	X�Z��Yd_V�`�a�`bUYXsZ�\^i��Yd)c6V	\_`�U � \_V�W�V	WYXsUY`bUYd^\^UYX�cb]�eg\_a3�oZ�\_`�U+`�a
ρm

��]	�YU�\_U�c�Z	����c�]	X�p�`�n � \_V�W
20µm×

5µm
���oZ�\_UY�fc��]�\)e5h�`�U�V$c�\^UYUY\^UY�

3000×750
[�`�\_U�V	Z��� �WYX�\^UY\ V	\^cbd�h,`bUoeg\_V�\^`bU�h,`bUoZ�\)Z�V$Z/`�aGV�WYX=V�\^i5X�\_U�egX,[GX,UoeYX,U�V-�YUY\_a3`b]	i

p�cbZ�XZ�V	c�V�X�[Yd^�oZ�c5]$c�UoeY`bi � \_V�W �,X�]�`5i5X�cbUS�
 �WoX-i5`gegX,d�[oc�]$c�i5X�V	X,]$ZScbeY`b[gV	X�e\^U�V�WYX�Z�\^i��od^c�V�\^`bUfc�]	X

vs = 1µm cm−1
�
dc = 2.5−2µm

�
Ds = 3×10−3µm2cy−1

�
vg = 102µm cy−1

�
γ = 2× 10−2

�
σ = 250µm−2cy−1

�/ �WYX�Z�\_i:�Yd)c6V�\^`bU�Z � X,]	X�]��YU � \ V	W+c�V	\_i5X�Z�V�X�[�`�a
2.5× 10−3cy

�
���Y]	\_Uo�:V	WYXfZ�\_i:�Yd^c�V�\^`bUoZ�� � Xsi5`�UY\ V	`b]	XsV�WYX�l�X,d^`0h,\ V�q�`ba9X�lb`�d_�gV	\_`�U�`ba�V	WYX�[oc6V�V�X�]�UoZ��gp0q+i5X�c�Z��o]�\^UY�o¡

L1 =
1

∆t

∑

ij |ρn+1
s − ρn

s | +
∑

ij |ρn+1
m − ρn

m|
∑

ij |ρn+1
s | +

∑

ij |ρn+1
m |

z	��¨b�

� WoX,]	X�V	WYXfZ��Yi5i5c�V�\^`bUoZ�cb]�Xsi�cbegX`6l�X,]�c�d^d£[�`�\_U�V	Z
(i, j)

`�a�V	WYX��b]	\)e£�/ �WYX�Z�\^i��Yd)c6V	\_`�UoZ�[Y]	`gh�X,X�egX�e � WY\^d_XV	WYXlbX,d^`gh�\_V�q
`ba9X�lb`�d_�gV	\_`�U�`ba�V	WYX�[oc6V�V�X�]�UoZ�\)Z�cbp�`6l�Xsc5Z�[�X�h�\_§oX�e�l6c�d^�YXb�

 �WoXs]	X�Z��Yd_V	Z�cb]�Xs[Y]	X�Z�X,U�V�X�e+\^U�V�WYXsa3`bd^d^` � \_�:§o�b�o]�X�Z,�/�9\_��Z,�Sz�|���V	`;z	����Z�WY` � Z�X,d^X�h�V�X�e+a3]$c�i5X�Z�`�a9V�WoX�V	\_i5X�X�lb`bd^�gV	\_`�U
`ba

ρs
�s �WYX�Z�\_i:�Yd)c6V�\^`bU¤X�lb`�d_l�X�Z�V	`�c�Z�X�Vs`�a � cbd_d)Z�[�c�]$c�d^d_X�d£V�`+V�WYXkZ�d^\_[�eg\_]	X�h�V�\^`bUS���9\^�o��zK����Z�WY` � Z�V�WoXfV�\^i5X�X�lb`bd^�gV	\_`�U

`ba
L1

�0V	WYX�U0�Yi�pGX,]�`ba�\_V�X�]	c�V�\^`bUoZ�[GX,]�V	\_i5XfZ�V�X,[¤cbUoe�V	WYX�X,l�`bd^�gV�\^`bU�`�a9V�WoXsi�c�n0\^i��oi `�a
ρs

�

�
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t = 0.00 t = 0.25

t = 1.00 t = 3.00

t = 10.0 t = 20.0

t = 30.0 t = 50.0

t = 70.0 t = 100.0

t = 160.0 t = 181.0

t = 200.0 t = 209.0

t = 250.0 t = 300.0

�9\^�b�Y]	X:|�¡7 �\_i5X�X�lb`bd^�gV	\_`�U+`�a
ρs

zK[oc�]�V�|����

�
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t = 400.0 t = 572.0

t = 691.0 t = 1635.0

t = 1900
� ~

t = 1936.0

t = 2000 t = 2100

t = 2800.0 t = 3400.0

t = 3800 t = 3900.0

t = 4600.0 t = 5648.0

�9\^�b�Y]	X¨Y¡7 �\_i5X�X�lb`bd^�gV	\_`�U+`�a
ρs

zK[oc�]�V=¨b���

�
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t = 0.00 t = 0.25

t = 1.00 t = 3.00

t = 10.0 t = 20.0

t = 30.0 t = 50.0

t = 70.0 t = 100.0

t = 160.0 t = 181.0

t = 200.0 t = 209.0

t = 250.0 t = 300.0

�9\^�b�Y]	X�¯Y¡/ �\^ikX�X�lb`�d_�gV	\_`�U�`ba
ρm

z3[�c�]�V|����

�
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t = 400.0 t = 572.0

t = 691.0 t = 1635.0

t = 1900.0 t = 1936.0

t = 2000.0 t = 2100.0

t = 2800.0 t = 3400.0

t = 3800.0 t = 3900.0

t = 4600.0 t = 5648.0

�9\^�b�Y]	X ��¡7 �\_i5X�X�lb`bd^�gV	\_`�U+`�a
ρs

zK[oc�]�V=¨b���

}
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t = 70.0 t = 100.0 t = 200.0

t = 300.0 t = 400.0 t = 572.0

t = 691.0 t = 3800.0 t = 5648.0

�9\_���Y]�Xf�Y¡7¯ �O§o���Y]�X�Z�`�a�V�WYXV	\_i5X�X,l�`bd^�gV�\^`bU�`�a
ρs

�

|�~
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(a) (b) (c)

�9\_���Y]�X��o¡ ���o]�l�X�Z�`�a
L1 × t

�
max(ρs) × t

c�U�e�U0�Yi:p�X�]�`�a�\ V	X,]$c6V	\_`�UoZ ×t
�

�SF L #��V¶/ä��±º½¸0R4¼6¸0Q�¸L¶Ûéæ

 �WoX�c��gV	WY`b]$Z � c�]	i:a3�od_d^q�c�h$��Uo` � d_X�eg�bXsV�WoX ��X,U�V�X�]�`�a � c�]$c�d^d_X�d ��`bi5[Y�YV�\^UY��`�a�V�WoX��YX�egX,]$c�d �=UY\^lbX,]$Z�\ V�q�`�a���\_`�V�WYX
��c�UoX,\^]�`¬z	�=� ��� �	�"��� � � �
� �=�����0�5c�Uoe V�`&[Y]	`�a�� �=d_l6c�]	` �7� rk� ��� ��`b�gV	\_UYWo`¥a3`�]:V	WYX;�oZ�X�`ba�c�h,d_��Z�V	X,] � WYX,]	X�V�WYX
Z�\^i��Yd)c6V	\_`�UoZ-[o]�X�Z�X�U�V	X�e � WoX,]	X=i�cbegX���� � c�d)Z�`�c�h$�0UY` � d_X�eg�bX�Z/[Y]	`�a�� ����T�� ��Wo]�\)Z�V	`6l¦�ba3]	`bi V�WoX �=UY\_l�X,]$Z�\_V�qk`�a ��`b�Y\)Z�\)c�U�c
c�V ��c�aKc�qbX�V�V�X��� �WoXsU0�Yi5X�]�\)h,cbdSZ�h$WYX�i5XsWoX,]	Xs[o]�`�[�`�Z�X�e�\)Z�pocbZ�X�e�`bU�WY\)Z�\)egX�c�Z,�

�F
	 ¸L¿i¸�¾�¸L¶�#X¸Læ

��Wo]�\)Z�V	`6l¦� ���gT��gcbUoe � `�U�V	X�Z����o�^�o¨�~�~�¨g� ���oikX�]�\)h,cbdS�gh$WYX,i5X�a3`b]�� � \_a�V�ª ��`�WYX,U0pGX,]	� �-���oc�V�\^`bU � \ V	W;�0V�]	\^h�V�T#i5[Yd^X,i5X�U�V$c6ª
V	\_`�U�`ba ��q�c�[o�YUY`6l��Y�oUoh�V	\_`�Uoc�d4�b� � c6V�WoX,i�c6V	\^h�c�dSc�U�e ��`�ik[o�gV�X�] � `gegX,d^d_\^UY���b���/`bd4�o¯��Y�g[Y[S�o�0���0}�}Y�

rsWo`bUY\^X,i;� ��� � �^� � c6V�V�WYX � Z,���o�����^�ocbUoe��=i5`�X�eg`o�������o�^�S|�}b}b~o������X�Z � X�h$W�c�UY\)h,c6�b���/`�d!�o¨b}Y�g[Y[��S|�}0�0�
�]$c6V	`gh$W�l0\^d!���o�^��|�}b�b�o����UNZ�V$c�pY\^d^\ V�q�`�a7eg\)Z�d^`gh,c6V	\_`�U¤Z�V	]��oh�V��Y]	X�Z�\_U¥h,qgh�d^\^h�c�d^d_q�egX�a3`�]�i5X�e�i5X�V$c�d9h�]	q0Z�V	cbd^Z�cbUoe�a3`b]	i�c6V	\_`�U

`ba�[GX,]$Z�\)Z�V	X,U�V�Z�d^\^[�p�c�UoeYZ��b����X,l¦� � W0qgZ,����[Yd^\^������X��b���/`�d!�o¨b¯Y�g[Y[�� �o|�}Y�
� �Y�bWY]$c�po\!� �f�^�g��h$�bX�]�i�c�UoUS�����^�Yc�Uoe ��X,] �b�g�5�^�¦|�}���}Y���Y`bUo�o� ���g �_�gX�eg\_V�`b]��6����c6V�\^�b�oX � X�h$Woc�UY\)Z�i5Z��g���g  � ª ��¢��0ª �s�g�

�0q0i5[G`�Z�\_�Yi:�b�Y��cbUoZ�c�Z���\ V�q��Y���g  � �o[oc�[GX,] �=`o�o�g  � ª«�0���g�
� `�U�V	X�Z������^���&c�d^�b]$c�X,a�� �:�_�¦c�Uoe¥��\_aKc�U�V�\)Z,����� ���_�£¨�~�~b�o�G��UNeg\)Z�d^`gh,c6V	\_`�U¤[oc6V�V�X�]�UY\^UY��¡�i:�Yd V	\_[od_XkZ�d^\_[¥X�¦X�h�V$Z�\^U¤V�WoX�]$c6V�X

cb[Y[Y]	`�cbh$W�����T#U�V������ � d)cbZ�V�\)h�\_V�qb�b���/`�d!�G¨b¨g� �=`o�Y�o�g[Y[S�S|����b���G|���~��Y�
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